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REMARKS ON AREA MAXIMIZING HYPERSURFACES OVER
R
n\{0} AND EXTERIOR DOMAINS
GUANGHAO HONG
Abstract. In this note, we provide a complete classification for entire area
maximizing hypersurfaces having an isolated singularity. We also construct
an interesting illustrated example. For area maximizing hypersurfaces over
exterior domains, we obtain a partial result on their asymptotic behavior at
infinity. We also establish the solvability of exterior Dirichlet problems for
area maximizing hypersurfaces.
1. Introduction
Area maximizing hypersurfaces are the graphs of the solutions u to the varia-
tional problem for the area functional∫
Ω
√
1− |Du|2
in Lorentz-Minkowski space Ln+1. Maximal hypersurfaces are the graphs of the
smooth solutions u to the corresponding Euler-Lagrange equation (known as max-
imal surface equation)
div(
Du√
1− |Du|2
) = 0, |Du| < 1. (1.1)
Area maximizing hypersurfaces are weaker than maximal hypersurfaces.
Calabi [Ca68] (n ≤ 4) and Cheng-Yau [CY76] (all dimensions) showed that the
only entire maximal hypersurfaces are spacelike hyperplanes. Bartnik-Simon [BS82]
proved existence of solutions for the variational problem and for the equation with
appropriate prescribed boundary values on bounded domains and compared these
two kinds of solutions. Base on the results in [BS82], Bartnik observed that the
only entire area maximizing hypersurfaces are weakly spacelike hyperplanes.
Ecker [Ec86] studied isolated singularity problem for area maximizing hypersur-
faces. He achieved two main results. The first one is that “Isolated singularities
of area maximizing hypersurfaces in Ln+1 are light-cone-like.” The second one is
that “Entire maximal hypersurfaces in Ln+1 having an isolated singularity are the
Lorentz transformations of the known radially symmetric (about the singularity)
solutions.” However, the only thing he said about entire area maximizing hypersur-
faces with an isolated singularity is that “If such a hypersurface is a cone, then it is
the upper or lower light cone.” In this note, we provide a complete classification for
entire area maximizing hypersurfaces with an isolated singularity. See the precise
notations and definitions in Section 2.
Key words and phrases. area maximizing hypersurface, asymptotic behavior, isolated singularity,
exterior Dirichlet problem.
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Theorem 1.1. Let M (gragh of a weakly spacelike function u) be an entire area
maximizing hypersurface with an isolated singularity at 0 ∈ Ln+1, then exact one
of the four situations happens.
(i) M is an entire maximal hypersurface with an isolated singularity;
(ii) M is the upper light cone, i.e., u(x) = |x|;
(iii) M is the lower light cone, i.e., u(x) = −|x|;
(iv) M is asymptotic to a hyperplane with slope 1 at infinity, i.e.,
u(x) = a · x+ o(|x|) as |x| → ∞
for some unit vector a ∈ Rn. Moreover, in this case, either u(x) ≤ a · x and
u(ta) = t for t ≤ 0 or u(x) ≥ a · x u(ta) = t for t ≥ 0.
In Section 3.2, we construct an area maximizing hypersurface satisfying (iv) of
Theorem 1.1. The construction is copied from [SWY08] (Page 4). Their construc-
tion is for infinity harmonic functions.
In [HY18], we achieved a complete description of asymptotic behavior at in-
finity for exterior maximal hypersurfaces. However, for exterior area maximizing
hypersurfaces, we only have the following partial result so far.
Theorem 1.2. Let M (gragh of a weakly spacelike function u ∈ C(Rn\Ao), where
A is a bounded closed set and Ao is its interior) be an area maximizing hypersur-
face on Rn\A. We assume u (or M) is not a maximal hypersurface on the whole
R
n\Conv(A), where Conv(A) denotes the convex hull of A. Then exact one of the
three situations happens.
(i) u(x)− |x− x0| attains its maximum and minimum on ∂A for any x0 ∈ A;
(ii) u(x) + |x− x0| attains its maximum and minimum on ∂A for any x0 ∈ A;
(iii) There exists a unit vector a ∈ Rn such that all blowdowns of u(x) have the
form a · x + o(|x|) (as |x| → ∞) and one of these blowdowns is a · x. Moreover,
u(x)− a · x is bounded from one side.
One certainly wish to improve the formulation in (iii) of Theorem 1.2 to
u(x) = a · x+ o(|x|) as |x| → ∞.
But this is not easy since the solution u is real degenerate in this situation.
Finally, we establish the solvability of exterior Dirichlet problem for area max-
imizing hypersurfaces. Given a bounded closed set A ⊂ Rn, we say a boundary
value function g : ∂A → R is admissible if g is bounded and there exists a weakly
spacelike function ψ in Rn\A such that ψ = g on ∂A (in the sense of (1.1) in
[BS82]).
Theorem 1.3. Let A ⊂ Rn be a bounded closed set and g : ∂A→ R be admissible.
Then we have the followings.
(i) For any x0 ∈ A, there exists an area maximizing function u on R
n\A sat-
isfying u = g on ∂A and u(x) − |x − x0| attains its maximum and minimum on
∂A;
(ii) For any x0 ∈ A, there exists an area maximizing function u on R
n\A sat-
isfying u = g on ∂A and u(x) + |x − x0| attains its maximum and minimum on
∂A;
(iii) Given any unit vector a ∈ Rn, there exists an area maximizing function u
on Rn\A satisfying u = g on ∂A and u(x)−a·x attains its maximum and minimum
on ∂A.
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For maximal hypersurfaces, we completely established the existence and unique-
ness of solutions to exterior Dirichlet problems [HY18]. But for area maximizing
hypersurfaces, we know almost nothing about the uniqueness of the solution.
Area maximizing hypersurfaces and infinity harmonic functions appear to enjoy
significant similarities. We encourage the readers to compare [SWY08] and our
another recent paper [HZ18] with [Ec86] and this work.
The paper is organized as follows. In Section 2, we set up some notations and
state some results from [BS82] and [Ec86] for our later use. In Sections 3, we prove
Theorem 1.1 and construct the above-mentioned example. In section 4, we prove
Theorems 1.2 and 1.3.
2. Preliminaries
We denote the Lorentz-Minkowski space by Ln+1 = {X = (x, t) : x ∈ Rn, t ∈ R},
with the metric
∑n
i=1 dx
2
i − dt
2. And 〈·, ·〉 denotes the inner product in Ln+1 with
the signs (+, · · · ,+,−). The light cone at X0 = (x0, t0) ∈ L
n+1 is defined by
CX0 = {X ∈ L
n+1 : 〈X −X0, X −X0〉 = 0}.
The upper and lower light cones will be denoted by C+X0 and C
−
X0
respectively.
Let M be an n-dimensional hypersurface in Ln+1 which can be represented as
the graph of u ∈ C0,1(Ω), where Ω is a open set in Rn. We say M (or u) is weakly
spacelike if |Du| ≤ 1 a.e. in Ω.
Theorem 2.1 (see [BS82]). Let Ω ⊂ Rn be a bounded domain and let ϕ : ∂Ω→ R
be a bounded function. Then the variational problem∫
Ω
√
1− |Dv|2 → max in K (2.1)
where K = {v ∈ C0,1(Ω) : |Dv| ≤ 1 a.e. in Ω, v = ϕ on ∂Ω} has a unique solution
u if and only if the set K is nonempty.
Definition 2.1. A weakly spacelike function u ∈ C(Ω) (Ω ⊂ Rn is not necessarily
bounded) is called area maximizing if it solves the variational problem (2.1) with
respect to its own boundary values for every bounded subdomain in Ω. The graph
of u is called an area maximizing hypersurface.
Lemma 2.1 (see [BS82]). If {uk} is a sequence of area maximizing functions in Ω
and uk → u in Ω locally uniformly, then u is also an area maximizing function.
One key result in [BS82] (Theorem 3.2) is that if an area maximizing hypersurface
contains a segment of light ray, then it contains the whole of the ray extended all
the way to the boundary or to infinity.
Theorem 2.2 (see [BS82]). The solution u of (2.1) is smooth and solves equation
(1.1) in
reg u := Ω\sing u
where
sing u := {xy : x, y ∈ ∂Ω, x 6= y, xy ⊂ Ω and |ϕ(x) − ϕ(y)| = |x− y|}.
Furthermore
u(tx+ (1− t)y) = tϕ(x) + (1− t)ϕ(y), 0 < t < 1
where x, y ∈ ∂Ω are such that xy ⊂ Ω and |ϕ(x) − ϕ(y)| = |x− y|.
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Theorem 2.3 (Bartnik, see Theorem F in [Ec86]). Entire area maximizing hyper-
surfaces in Ln+1 are weakly spacelike hyperplanes.
Definition 2.2. A weakly spacelike hypersurface M in Ln+1 containing 0 is called
an area maximizing hypersurface having an isolated singularity at 0 if M\{0} is
area maximizing but M cannot be extended as an area maximizing hypersurface
into 0.
Ecker proved that the isolated singularities of area maximizing hypersurface are
light cone like (Theorem 1.5 in [Ec86]).
For a weakly spacelike exterior hypersurface M (i.e., u is defined on an exterior
domain Rn\A with A bounded), we define Mr = r
−1M with r > 0 is the graph
of ur(x) = r
−1(rx). If for some rj → +∞, urj (x) converge locally uniformly to
a function u∞(x) on R
n\{0}, then u∞ (its graph M∞) is called a blowdown of
u (M). Note that by weakly spacelikeness, Arzela-Ascoli theorem always ensures
the existence of blowdowns. By Lemma 2.1, u∞(x) (M∞) is area maximizing on
R
n\{0} and u∞(0) = 0. The following lemma is especially useful.
Lemma 2.2 (Lemma 1.10 in [Ec86]). Let M be an entire area maximizing hyper-
surface having an isolated sigularity at 0 and assume that some blowdown of M
also has an isolated singularity at 0. Then M has to be either C+0 or C
−
0 .
3. Entire area maximizing hypersurfaces with an isolated singularity
3.1. Asymptotic behavior.
Proof of Theorem 1.1. Suppose M is not an maximal hypersurface on the whole
R
n\{0}. By Theorem 2.2, M contains a (past-directed or further-directed) light
ray emanating from 0 ∈ Ln+1. We assume this light ray is past-directed, that is,
for some unit vector a ∈ Rn, u(ta) = t for t ∈ (−∞, 0]. There are two alternative
situations.
(a) Some blowdown of M has an isolated singularity at 0. In this case, By
Lemma 2.2, M is C+0 or C
−
0 . Since we assumed that M contains a past-directed
light ray, M = C−0 .
(b) All blowdowns of M are entire area maximizing hypersurfaces. By Theorem
2.3, These blowdowns are weakly spacelike hyperplanes. Obviously, all blowdowns
contain the light ray {(ta, t) : t ≤ 0}. The only choice for these hyperplanes is
the graph of u∞(x) = a · x. That is to say, the blowdown of u is unique and it is
u∞(x) = a · x. Thus we have
u(x) = a · x+ o(|x|) as |x| → ∞.
We claim one more thing:
u(x) ≤ a · x in Rn.
For simplicity, we assume a = en. Since M is weakly spacelike,
u(x) ≤ u(ten) + |x− ten| (for t ≤ 0)
= t+
√
|x′|2 + (xn − t)2 → xn (as t→ −∞).
We have proved that in case that M contains a past-directed light ray (say
{(ta, t) : t ≤ 0}), we have that either u(x) = −|x| or u(x) = a · x + o(|x|) and
u(x) ≤ a · x. Similarly, in case that M contains a future-directed light ray (say
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{(ta, t) : t ≥ 0}), we have that either u(x) = |x| or u(x) = a · x + o(|x|) and
u(x) ≥ a · x.

3.2. An example.
For any k = 2, 3, · · · and any θ ∈ [0, 1], let wθk(x) be the solution to (2.1) in
Bk\{0} with the boundary condition w(0) = 0 and w(x) = θxn − (1− θ)k on ∂Bk.
For each k, it is easy to see that w0k(x) = −|x| in Bk (implying w
0
k(en) = −1) and
w1k(x) = xn (implying w
1
k(en) = 1). By continuity, there exists some θ(k) ∈ (0, 1)
satisfying w
θ(k)
k (en) = 0. Consider the sequence of functions {w
θ(k)
k (x)}. Due to
the weakly spacelikeness and {wθk(0) = 0}, the family of functions {w
θ(k)
k (x)} is
uniformly bounded and equicontinuous on any compact set K ⊂⊂ Rn. By Arzela-
Ascoli theorem, up to a subsequence,
w
θ(k)
k (x)→ w(x) locally uniformly in R
n.
By Lemma 2.1, w(x) is area maximizing in Rn\{0}. From the construction, we
can see that w(ten) = t for t ∈ (−∞, 0] (because w
θ
k(ten) = t for t ∈ (−k, 0]) and
w(en) = 0. By Theorem 1.1, we know
w(x) = xn + o(|x|) as |x| → ∞
and w(x) ≤ xn in R
n.
We claim one more thing: w is smooth and solves (1.1) in Rn\{ten : t ∈ (−∞, 0]}.
If this is not true, by Theorem 2.2, the graph of w contains another light ray (other
then {(ten, t) : t ≤ 0}). Because w(x) = xn + o(|x|), this new light ray can only be
{(ten, t) : t ≥ 0}. But this is also impossible since w(en) = 0 6= 1.
4. Area maximizing hypersurfaces over exterior domains
4.1. Asymptotic behavior.
Proof of Theorem 1.2. Since we assumed M is not a maximal hypersurface on the
whole Rn\Conv(A), by Theorem 2.2, M contains a light ray emanating from a
boundary point of A. We assume this light ray is past-directed. For simplicity, we
assume this boundary point is 0 and this light ray is {(ten, t) : t ≤ 0}. We also
assume A ⊂ B¯1 without loss of generality. There are two alternative situations.
(a) There exists a blowdown u∞ of u, such that some blowdown of u∞ has an
isolated singularity at 0. In this case, By Lemma 2.2, u∞(x) = |x| or −|x|. Since
u∞(ten) = t for t ≤ 0 (because u(ten) = t for t ≤ 0), we have u∞(x) = −|x|.
For any x0 ∈ A, denote max
∂A
(u(x)+|x−x0|) := c
+ and min
∂A
(u(x)+|x−x0|) := c
−.
Then
c− − |x− x0| ≤ u(x) ≤ c
+ − |x− x0| on ∂A.
By weakly spacelikeness of u, we immediately have
c− − |x− x0| ≤ u(x) in R
n\A.
We need to show
u(x) ≤ c+ − |x− x0| in R
n\A.
Suppose
u∞(x) = lim
k→∞
u(rkx)
rk
in Rn\{0}
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for a sequence of rk →∞. For any ǫ > 0, there is k¯ such that
u(x) ≤ c+ − (1− ǫ)|x− x0| on ∂Brk
for all k ≥ k¯. Note that c+ − (1− ǫ)|x− x0| is a supersolution to (1.1) in R
n\{x0},
by comparison principle (see [BS82]), we have
u(x) ≤ c+ − (1 − ǫ)|x− x0| in (Brk¯\A) ∪ (∪
∞
j=1Brk¯+j\Brk¯+j−1) = R
n\A.
Letting ǫ→ 0, we have
u(x) ≤ c+ − |x− x0| in R
n\A.
(b) For any blowdown u∞ of u, all blowdowns of u∞ are entire area maximizing
hypersurfaces. By Theorem 2.3, These blowdowns are weakly spacelike hyperplanes.
Since all blowdowns contain the light ray {(ten, t) : t ≤ 0}, all these hyperplanes
have to be {(x, xn) : x ∈ R
n}. That is to say, the blowdown of u∞ is unique and it
is the function V (x) = xn. Thus we have
u∞(x) = xn + o(|x|) as |x| → ∞.
We also have
u∞(x) ≤ xn in R
n.
Next we prove that one of the blowdowns of u is the function V (x) = xn. We
denote m := max∂A u, then u ≤ m + |x| by weakly spacelikeness of u. We claim
that there exists a sequence of points xk ∈ R
n\B2 with rk := |xk| → ∞ satisfying
u(xk) > m+ (1−
1
k
)|xk|. Because otherwise,
u ≤ m+ (1− ǫ)|x| in Rn\BR
for some R > 2 and ǫ > 0. That implies any blowdown u∞ ≤ (1 − ǫ)|x|, contra-
dicting the fact u∞(x) = xn + o(|x|). Up to a subsequence,
xk
|xk|
→ e for some unit
vector e. Up to a subsequence again,
u(rkx)
rk
→ some blowdown function V (x).
It is not difficult to see that V (e) ≥ 1. Recalling that V is weakly spacelike and
V (ten) = t for t ≤ 0, we have
2 = 1− (−1) ≤ V (e)− V (−en) ≤ |e− (−en)| ≤ 2,
implying e = en and V (en) = 1. By weakly spacelikeness again, we know V (ten) = t
for t ∈ [0, 1]. So 0 can not be an isolated singularity of V by Ecker’s theorem.
Thus V is an entire area maximizing hypersurface (and hence is a weakly spacelike
hyperplane) and can only be the function V (x) = xn.
Since we assumed 0 ∈ ∂A and A ⊂ B¯1, one can verify that u(x) ≤ xn + 1 by
following the same way as in the proof of Theorem 1.1.
In the case that M contains a future-directed light ray, we can apply the same
argument. 
Remark 4.1. In the case (b) of the above proof, one can also verify that u(x)−xn
attains its maximum on ∂A. But the statement that u(x) − xn also attains its
minimum on ∂A can not be true in general. The example w(x) in Section 3.2
provide a counterexample for this. Note that w(ten) < t − 1 for t > 1 since w is
smooth and solves (1.1) in Rn\{ten : t ∈ (−∞, 0]}. So if we let A = {0, en} and
consider w as an exterior area maximizing function on Rn\{0, en}, then w(x)− xn
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does not attain its minimum on ∂A = {0, en}. So far we don’t know whether
w(x) − xn is bounded from below.
4.2. Exterior Dirichlet problems.
Proof of Theorem 1.3. (i) and (ii) are symmetric. So we only prove (ii). Let A,
g, ψ (a weakly spacelike extension of g into Rn\A) and x0 be given as in the
theorem. For simplicity, we assume x0 = 0. Denote max
∂A
(g(x) + |x|) := c+ and
min
∂A
(g(x) + |x|) := c−, then
c− − |x| ≤ g(x) ≤ c+ − |x| on ∂A.
And it is easy to see that ψ(x) ≥ c− − |x| in Rn\A by weakly spacelikeness of
ψ. Define Ψ(x) := min(ψ(x), c+ − |x|). One can verify that Ψ(x) is also a weakly
spacelike extension of g into Rn\A and
c− − |x| ≤ Ψ(x) ≤ c+ − |x| in Rn\A.
Suppose A ⊂ B1 without loss of generality. For k = 2, 3, · · · , let uk be the area
maximizing function in Bk\A satisfying uk = g on ∂A and uk = Ψ on ∂Bk. The
existence of such uk is due to Theorem 2.1. By Arzela-Ascoli theorem, up to a
subsequence,
uk(x)→ u(x) locally uniformly in R
n\A.
By Lemma 2.1, u(x) is area maximizing in Rn\A. By continuity, u = g on ∂A. By
comparison principle,
c− − |x| ≤ u(x) ≤ c+ − |x| in Rn\A.
Now we prove (iii). Let A, g, ψ and a be given as in the theorem. For simplicity,
we assume a = en. Denote max
∂A
(g(x) − xn) := c
+ and min
∂A
(g(x)− xn) := c
−, then
c− + xn ≤ g(x) ≤ c
+ + xn on ∂A.
Define Ψ(x) := max(min(ψ(x), c++ xn), c
−+ xn). One can still verify that Ψ(x) is
a weakly spacelike extension of g into Rn\A and
c− + xn ≤ Ψ(x) ≤ c
+ + xn in R
n\A.
The rest things are totally same (replacing −|x| by xn) as in the proof of (ii) and
we omit them. 
Remark 4.2. As I mentioned in the introduction, unlike maximal hypersurfaces,
we have no ideas about the uniqueness of solutions to the exterior Dirichlet problems
for area maximizing hypersurfaces in all the three cases. However, thanks to the
example in Section 3.2, we can still say something on this issue.
Let A = {0, en}, g(x) = 0 on ∂A = {0, en} and a = en, then w(x) and w˜(x) =
w˜(x′, xn) := −w(x
′, 1 − xn) are two different area maximizing functions in R
n\A
satisfying
u(x) = 0 on ∂A (4.1)
and
u(x) = xn + o(|x|) as |x| → ∞. (4.2)
By Remark 4.1, neither w(x) nor w˜(x) satisfies the condition
u(x)− xn attains its maximum and minimum on ∂A. (4.3)
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By Theorem 1.3, there exists an area maximizing function w˘ in Rn\A satisfying
(4.1) and (4.3). That is to say, in this case, we have at least three different solutions
to the exterior Dirichlet problem with the boundary conditions (4.1) and (4.2).
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